A model with deformed atom shells is built to investigate the elastic properties of rare-gas crystals Ne and Kr under high pressure. It is shown that the observed deviation from the Cauchy relation cannot be adequately reproduced with taking into account of only the many-body interaction. The individual pressure dependence of is a result of competition of the many-body interaction and the quadrupole interaction associated with the quadrupole-type deformation of electron shells of the atoms during the displacements of the nuclei. Each kind of interaction makes a strongly pressure dependent contribution to . In the case of Ne and Kr, contributions of these interactions are compensated to the good precision, providing being almost constant against pressure. 
Introduction
The rare-gas crystals (RGC) belong to a family of cryocrystals. RGC under high pressure are significant as a hydrostatic pressure medium in high-pressure experiments using a diamond-anvil cell (DAC) [1] .
Freiman and Tretyak [2] used the Aziz-Slaman pair potential [2] and the Loubeyre three-body model [4, 5] and, on this basis, derived the equations of states for cryocrystals of the He-Xe series, which are in excellent agreement with the experiment in the megabar range. The equations of states, volume-dependent elastic moduli, and some other properties can be rather successfully described in terms of the effective pair potential, whereas the deviation from the Cauchy relation (CR) , in principle, cannot be reproduced using the pair potential (see, for example, [6] and references therein).
The objective of this research is to define the character and correlation of forces which form the elastic properties of the RGC including deviation from the Cauchy relation under high pressures.
The use of Brillouin spectroscopy in combination with the DAC method has opened up new possibilities for intensive investigations of the elastic properties of RGC over a wide range of pressures [7] [8] [9] [10] . In the last article from this series concerned with the particularly accurate measurements of the elastic properties of RGC, Sasaki et al. [10] have summarized and discussed, in particular, how well the currently existing theory describes the experiment on the deviation from the Cauchy relation. In the experiment for the deviation from the Cauchy relation δ, the sequence Ne Ar Kr
Xe is observed only at zero pressure. With an increase in the pressure, as was shown by the experiment performed in [10] , there is an individual dependence of on the pressure. The experiment shows, that the values of Ne Kr Xe
Ar for p ≥ 10 GPa. Furthermore, Sasaki et al. [10] note that the ab initio calculations carried out in terms of the density functional theory (DFT) [11] even qualitatively do not reproduce the deviation from the Cauchy relation . Their calculations of have demonstrated a negative pressure dependence for all RGC (Ne, Ar, Kr, Xe) with the pressure coefficients clearly depending on the atomic weight.
This circumstance is associated with the fact that, apart from the many-body interactions, the violation of the Cauchy relation, as was shown for the first time by Herpin [12] , is caused by the interactions related to the deformation of electron shells of the atoms. Herpin [12] obtained the energy of interaction of the atoms in the form of a series in powers of the distances between pairs of the ions. The successive terms of this series are dipole, quadrupole, etc., bonds of the ions. For crystals in which each atom is the center of symmetry, the violation of the Cauchy relation is caused only by the quadrupole terms.
In this work, we have performed the investigation of all the interactions responsible for the violation of the Cauchy relation in the framework of the model of lattice dynamics with deformable atoms, which was developed by K.B. Tolpygo for ionic crystals [13, 14] and rare-gas crystals [15] . Below, it will be shown that this model, within a unified approach, allows one to obtain both the short-range three-body interaction and the quadrupole interaction associated with the quadrupole-type deformation of electron shells of the atoms during the displacements of the nuclei. In early works (classic versions of the model by K.B. Tolpygo) parameters of adiabatic potential were obtained not with calculations but were found due to different experiments. However, these parameters are expressed through the definite matrix elements of Hamiltonian of electronic subsystem on the atomic functions. To describe the properties of RGC in the wide range of pressure we, as far as it is possible, develop the nonempirical version of the model by K.B. Tolpygo.
Thus, we believe that it is expedient to proceed to the calculations from first principles, at least, to determine the type of functional dependences and to calculate the values of the most important parameters. On the other hand, since we deal with a multielectron system, it is expedient to use the Hartree-Fock method. This method is clearly formulated, provides sufficient accuracy, and is not overly cumbersome for the implementation in the modern computers. (see, for example, [16] ).
Quadrupole deformation of electron shells and the elastic properties of compressed rare-gas crystals
Potential energy U of a crystal in adiabatic approximation is found in [13, 14, 15, 17] as the minimum of the average Hamiltonian of the electron subsystem .
H Taking into account the third-order terms in the weak interatomic interaction ll H and the deformation of electron shells of the atom under consideration, we obtain the expression for the potential energy U in the following form (the details of the calculation are described in [15, 18] )
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Here, the first four terms describe the deformation of electron shells ( 44 , are the coefficients of the dipole and quadrupole polarizabilities). The next three terms describe the van der Waals forces, and K characterizes the Coulomb (in the classical sense) interaction of all the dipoles and quadrupoles with each other. Finally, the shortrange interaction forces are determined by the formula
Here, (9) means that it is necessary to iterate over all nine combinations of the indices , (although among all the nine components 
The matrix element of the quadruple moment is given by the expression
The rr Using the long-wave method [19] , it is possible to find expressions for the Birch elastic moduli which are valid under any pressure [20] [21] [22] and taking into account the three-body forces and the deformation of atomic electron shells caused by the quadrupole interaction. The longrange three-body forces [23] and the contribution from the quadrupole interaction to the van der Waals forces in the compressed crystals at high pressures are less important; therefore, they will not be presented in the expressions given below.
Then (11) The parameters of the quadrupole interaction are [18] 
Then, the deviation from the Cauchy relation written in terms of the Birch elastic moduli takes the form: (14) where t is the deviation from the Cauchy relation only due to the three-body interaction, As can be seen from expression (3), (12), (13) V but, at present, it is not possible to define the absolute value basing on formulae (3), (12), (13) 
Results and discussion
In Figures 1 and 2 The Table 1 presents the three-body and quadrupole interaction parameters for Ne, Kr and the contributions to the deviation from the Cauchy relation due to the inclusion of the three-body interaction , t the quadrupole interaction .
q
In accord with Table 1 Ne || t is less than Kr | | .
t The many-body interaction provides negative pressure dependence of for RGC which is proportional to the atomic weight similarly to ab initio calculation of DFT [11] . We can see that the resultant theor tq has a meaning of a small difference of two large values, that is the compensation of contributions into from two strongly pressure dependent interactions: the many-body interaction and the quadrupole one which is revealed in the quadrupole-type deformation of electron shells of the atoms during the displacements of the nuclei. 
B with the three-body and quadrupole interactions (); circles are the same as for the Birch elastic modulus B 12 ; triangles are the same as for the Birch elastic modulus B 44 ; and the experimental data [7] (,,). Figure 3 demonstrates deviation from the Cauchy relation for Ne and Kr. It was shown in our recent paper [24] that deviation from the Cauchy relation for light crystals of Ne and Ar can be satisfactory described due to the threebody interaction only. The present calculations show that accounting of the electron shell deformation improves the agreement with the experimental data for Nе. It is fundamentally required when evaluating deviation from the Cauchy relation for heavy RGC that is Kr.
The ab initio calculations carried out in terms of the DFT [11] are consistent with the experimental data only in the vicinity of 0. p With an increase in the pressure, the difference becomes more noticeable.
Conclusions
In the series of recent papers [27] [28] [29] we considered nonadiabatic effects, i.e., the electron-phonon interaction induced by the deformation of electron shells of the atoms in the dipole approximation. This corresponds to the inclusion of the lower order terms in the nonadiabaticity parameter. As is known [19, 30] , these terms do not contribute to the elastic moduli. The next order, i.e., the consideration of the electron-phonon interaction induced by the deformation of electron shells of the atoms in the quadrupole approximation leads to the appearance of the corresponding terms in expressions (6) for the elastic moduli. These terms make smaller contributions in comparison with those of the pair interaction potential, but they are comparable to the contribution of the three-body interaction (the parameters || t V and q V are of the same order of magnitude). This fact is especially seen when analyzing the deviation from the Cauchy relation in Ne and Kr. The contribution of the many-body and quadrupole interactions is almost accurately compensated that provides for the constant dependence on pressure. It is not obvious in advance, which of the interactions dominates and in which range of pressure. The presented calculations give an opportunity to describe the individual pressure dependence of δ(p) which is being observed during the experiment [10] . It should also be noted that the ab initio calculations performed in the framework of the density functional theory do not reproduce exp in the case of Kr [10, 11] .
The performed investigation of the deviation of the Cauchy relation has enabled us to establish the nature and ratio of the forces responsible for the properties exhibited by the rare-gas crystals at high pressures. Thus, it has been demonstrated that the violation of the Cauchy relation in rare-gas crystals is caused by the following two factors:
(i) the three-body interaction forces induced by the overlap of electron shells of the atoms in the crystal; and (ii) the electron-phonon interaction associated with the quadrupole-type deformation of electron shells of the atoms due to the displacement of the nuclei.
